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The notion of Leibniz algebroid is introduced, and it is shown that each Nambu- 
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class, extending the well-known modular class of Poisson manifolds. 
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1 Introduction 

A Lie algebroid is a natural generalization of the notion of Lie algebra, and also of the 
tangent bundle of a manifold. There are many other interesting examples, for instance, the 
cotangent bundle of any Poisson manifold possesses a natural structure of Lie algebroid. 
Roughly speaking, a Lie algebroid over a manifold M is a vector bundle E over M such 
that its space of sections T(E) has a structure of Lie algebra plus a mapping (the anchor 
map) from E onto TM which provides a Lie algebra homomorphism from T(E) into the 
Lie algebra of vector fields X(M). 

The action of T(E) on C°°(M,M.) defines the Lie algebroid cohomology of M. For a 
Poisson manifold M, the associated Lie algebroid is just the triple (T*M, [ , ], #), where 
[ , ] is the bracket of 1-forms and # is the mapping from 1-forms into tangent vectors 
defined by the Poisson tensor. For an oriented Poisson manifold M and its associated 
Lie algebroid, A. Weinstein [^9], |3(| has defined the so-called modular class of M, which 
is an element of the corresponding Lie algebroid cohomology (in fact, an element of the 
Lichnerowicz- Poisson cohomology space H\ P (M)). The modular class X v is defined as 
the operator which assigns to each function / the divergence with respect to v of its 
Hamiltonian vector field Xf, where v is a volume form on M. A direct computation 
shows that the modular class of a symplectic manifold is null. Indeed, the vanishing of 
the modular class of a Poisson manifold is closely related with its regularity. Moreover, 
it was proved by P. Xu |Hj] (see also f|, |§) that the canonical homology is dual to the 
Lichnerowicz-Poisson cohomology for unimodular Poisson structures, that is, for Poisson 
structures with null modular class. Also, it should be remarked that the modular class 
was the tool recently used by J.-P. Dufour and A. Haraki || and by Z.J. Liu and P. Xu 
[|16fl to classify quadratic Poisson structures. 



Our interest is to extend the above results for Nambu- Poisson manifolds. The concept of a 



Nambu- Poisson structure was introduced by Takhtajan |sl| i n order to find an axiomatic 
formalism for the n-bracket operation 

{/i,...,/n} = det(J|) 



proposed by Nambu [E3J] to generalize Hamiltonian mechanics (see also |2|, ^, |6], ID]). A 
Nambu-Poisson manifold is a manifold M endowed with a skew-symmetric n-bracket of 
functions {,..., } satisfying the Leibniz rule and the fundamental identity 

n 

{fi, ■ ■ ■ , fn-ii {gi, • • • ) g n }} = z^{gii •••■> {fi, •••■> fn-u gi)-, •••■> g-n}, 

for all /i, . . . , f n -i, pi, . . . , g n G C°°(M, R). The local and global structure of a Nambu- 
Poisson manifold were ellucidated in recent papers |], [TT], [14|, |22|, |23j. Indeed, a Nambu- 



Poisson manifold of order greater than 2 consists of pieces which are volume manifolds, 



in the same way that a Poisson manifold is made of symplectic pieces. Recently, an 
interesting recursive characterization of Nambu- Poisson structures was obtained in [|12j . 

In this paper we introduce the notion of a Leibniz algebroid -a natural generalization of 

a Lie algebroid. The notion of Leibniz algebra was recently introduced by J.L. Loday 

1% |I8| (see also ||19| ) as a noncommutative version of Lie algebras. Indeed, a Leibniz 



algebra is a real vector space g endowed with a R-bilinear mapping { , } satisfying the 
Leibniz identity 

{d, {a 2 , a 3 }} - {{a 1; a 2 }, a 3 } - {a 2 , {oi, a 3 }} = 0, 

for all Oi, 02, as G g. If the bracket is skew-symmetric we recover the notion of Lie algebra. 
Next, the notion of Leibniz algebroid can be introduced in the same way that for the case 
of Lie algebroids. One of the main results of the present paper is to associate a Leibniz 
algebroid to each Nambu-Poisson manifold M. The Leibniz algebroid attached to M is 
just the triple (A n_1 (T*M), [ , ],#), where [ , ] : Q n -\M) x Q n -\M) — ► W-^M) is 
the bracket of (n — l)-forms defined by 

la,(3j = C #a (3 + (-l) n (t(d a )A)(3, 

for a, (3 E fl n ~ 1 (M), and # : A™ -1 (T* M) — > TM is the homomorphism of vector bundles 
given by #(/3) = i(/3)A. Here A is the Nambu-Poisson n- vector. In addition, it is proved 
that the only non-null Nambu-Poisson structures of order greater than 2 on an oriented 
manifold M of dimension m, with m > 3, such that its Leibniz algebroid is a Lie algebroid 
are those defined by non-null m-vectors. 

As in the case of Poisson manifolds, we define the modular class of an oriented Nambu- 
Poisson m-dimensional manifold M of order n. Indeed, if v is a volume form on M then 
the mapping 

M u : C°°(M, R) x . . /"- 1 ... x C°°(M, R) — ► C°°(M, R), 

given by 

is a (n — l)-vector on M, where Xf lm f n _ ± = #(d/i A ... A df n -i) is the Hamiltonian vector 
field associated with the functions /i, . . . , f n -i- Next, the mapping 

Ma : fi n_1 (M) — ► C°°(M, R) a ^ i(a)M u 

defines a 1-cocycle in the Leibniz cohomology complex associated to the Leibniz algebroid 
(A n -\T*M), I , ],#). The cohomology class [Ma] e if 1 ( nrt " 1 ( Af ); c " x> ( Af . R )) does not 
depend on the chosen volume form and it is called the modular class of M. As in the case 
of Poisson manifolds it is proved that the modular class of a volume manifold is null. In a 
forthcoming paper we will investigate the role played for the modular class in the problem 
of classification of Nambu-Poisson manifolds. We also are investigating the existence of 
a dual homology to the Leibniz algebroid cohomology, which would be related with the 



vanishing of the modular class (see j|, ^, |31| for the case of Lie algebroids and Poisson 
manifolds) . 



2 Preliminaries 

All the manifolds considered in this paper are assumed to be connected. 

2.1 Nambu-Poisson structures 

Let M be a differentiable manifold of dimension m. Denote by X(M) the Lie algebra of 
vector fields on M, by C°°(M,M.) the algebra of C°° real- valued functions on M and by 
Q k (M) the space of fc-forms on M. 

An almost Poisson bracket of order n (n < m) on M (see ||14|| ) is an n-linear mapping 
{,...,}: C°°(M, E) x . . > ... X C°°(M, R) -> C°°(M, M) satisfying the following proper- 
ties : 

(1) (Skew-symmetry) 

{f h ...,fn} = (-iy { ° ) {f<r(l),...,f<,(n)}, (2.1) 

for all fi, ■ ■ ■ , f n ^ C°°(M, M) and a G Symm(n), where Symm(n) is a symmetric 
group of n elements and s(o~) is the parity of the permutation a. 

(2) (Leibniz rule) 

{fl9l, fi, ■ ■ ■ , fn} = fl{gi, /2, • • • , fn} + 9l{fl, /2, • • ■ , fn}, (2-2) 

forall/ 1 ,...,/ ri ,( 7l GC 00 (M,M). 

If {,...,} is an almost Poisson bracket of order n then we define a skew-symmetric tensor 
A of type (n, 0) (n-vector) as follows 

A(df 1 ,...,df n ) = {f 1 ,. ..,/„}, 

for /i, . . . , / n £ C°°(M, M). Conversely, given an n-vector on M, the above formula defines 
an almost Poisson bracket of order n. The pair (M, A) is called a generalized almost 
Poisson manifold of order n. 

If fs^~ l {T*M) is the vector bundle of the (n — l)-forms on M then A induces a homomor- 
phism of vector bundles 

#: A n -\T*M) — >TM 

by defining 

#{p) = i(J3)A(x) (2.3) 

for p G f\ nl {T*M) and a; G M, where i(/3) is the contraction by (3. Denote also by 

# : fl^^M) -+ X(M) 



the homomorphism of C°°(M, R)-modules given by 

#(<*)(*) = #(<*(*)) (2.4) 

for all a G Q n ~ 1 (M) and x G M. Then, if fx, . . . , f n -\ are n — 1 functions on M, we define 
a vector field 

*/i.../„_i = #(#iA...A# n _ 1 ), (2.5) 

which is called the Hamiltonian vector field associated with the Hamiltonian functions 
/i, . . . , /n_i- From fl2.5|) it follows that 

^A.../^i(/») = {/i,..., /«-!,/»}• (2-6) 

A more rich structure, related with interesting dynamical problems, can be considered 
adding to the almost Poisson bracket {,...,} the following integrability condition (fun- 
damental identity) 

n 

{/l, ■ • • , fn-1, {#1, • • • , 9n}} = $^{#1, ■ ■ ■ ' {fu ■ ■ ■ > fn-l,9i}, ■ ■ ■ , 9n} (2.7) 

i=l 

for all /i, . . . , / n _i, gi, . . . ,g n functions on M. In this case, {,...,} is called a Nambu- 
Poisson bracket and (M, A) is a Nambu-Poisson manifold of order n (see |£5| ) . 

In fact, an n- vector A on M defines a Nambu-Poisson structure if the Hamiltonian vector 
fields are derivations of the algebra (C°°(M, R) x . . > . . . x C°°(M, M), {,...,}) or equiv- 
alently, every Hamiltonian vector field Xf u __f n _ x is an infinitesimal automorphism of A, 
that is, 

Examples 2.1 (i) The Poisson manifolds are just the Nambu-Poisson manifolds of order 

2||||||. 

Another examples of Nambu-Poisson manifolds are the following. 

(ii) Let N be an oriented m-dimensional manifold and choose a volume form un on N. 
Given m functions /i, . . . , f m on N, we define its m-bracket by the formula 

df 1 A...Adf m = {f 1 ,...J m }u N . (2.8) 

It is not hard to prove that it is a Nambu-Poisson bracket (see ||11|). Denote by Aj,^ the 
m- vector associated with this bracket. Note that for the Nambu-Poisson structure A^ 
the homomorphism 7^ : Q m ~ 1 (N) — > x(N) is an isomorphism. Furthermore, if A is a 
Nambu-Poisson structure of order m and A 7^ at every point then there exists a volume 
form v on N such that A = A UN (see |i4|). 

(iii) Let A^ be an arbitrary m-vector on an oriented m-dimensional manifold A^ with 
volume form v N . Then, there exists a function / G C°°(N, M.) such that A N = fA UN . 



Moreover, if fx, . . . , / m _i are m — 1 functions on N and -^/ 1 .../ m _ 1 is the corresponding 
Hamiltonian vector field with respect to the m- vector A^v, it follows that Lx, f A^ — 

J~\_ ■•■Jm—1 

0. Thus, we deduce that (N,An) is a Nambu-Poisson manifold of order m. 

(iv) If V is a &;-dimensional differentiable manifold, A^r induces an m-vector A on the 
product N x V and (N x V, A) is a Nambu-Poisson manifold of order m. 

The following theorem describes the local structure of the Nambu-Poisson brackets of 
order n, with n > 3. 

Theorem 2.2 /fj, [7J, [1^, [|| ; |^/ Let M be a differentiable manifold of dimension m. 



The n-vector A, n > 3, defines a Nambu-Poisson structure on M if and only if for all 

x G M where A(x) ^ 0, there exist local coordinates (x l , . . . ,x n ,x n+1 , . . . ,x m ) around x 

such that 

d d 

A = — - A... A 



dx 1 dx n 



Remark 2.3 A point x of a Nambu-Poisson manifold (M, A) of order n > 3 is said to 
be regular if A(x) ^ 0. 



Remark 2.4 Let (M, A) be a Nambu-Poisson manifold of order n, with n > 3, and 
consider the characteristic distribution T> on M given by 

x e m — . p(x) = #(A"- 1 t;m) =< {X hmfn _ t {x)/h, ...Jn-ie C°°(M, R)} >c i;m. 

Then, P defines a generalization foliation on M whose leaves are either points or n- 
dimensional manifolds endowed with a Nambu-Poisson structure coming from a volume 
form (see IfUJI). 



2.2 Leibniz algebras and cohomology 



First, we recall the definition of real Leibniz algebra (see |T7], [18], |T9f). 

A Leibniz algebra structure on a real vector space g is a M-bilinear map { , }:§xg^g 
satisfying the Leibniz identity, that is, 

{ai, {a 2 , a 3 }} - {{a-i, a 2 }, a 3 } - {^2, {^i, a 3 }} = 0, (2.9) 

for ai, 02, 03 € g. In such a case, one says that (g, { , }) is a Leibniz algebra. 

Moreover, if the skew-symmetric condition is required then (g, { , }) is a Lie algebra. In 
this sense, a Leibniz algebra is a non-commutative version of a Lie algebra. 



Let (g, { , }) be a Leibniz algebra and M. be a real vector space endowed with a R-bilinear 
map 

gx M ► M 

such that {ai,a,2}m = aifam) — 0,2(0,1171), for all 01,02 G and m G M.. Then M is a 
g-module relative to the representation of g on M. 

If .M is a g-module we can introduce a cohomology complex as follows. 

A £;-linear mapping c k : q X . . S k . . . Xg — > M. is called a Ai-valued k-cochain. We denote 
by C k (g; M.) the real vector space of these cochains. 

The operator d k : C k (g; M) — > C k+1 (g; M) given by 

k 
d k c k (a ,...,a k ) = ^(-l) 4 aiC fc (ao,...,ai,...,o fc ) 

*=o (2.10) 

+ / , { — I)* C (Oo, • • • , Oj, . . . , Oj_i, {Oj, Oj}, flj+l, • • • , Ofc), 
0<i<j<k 

defines a coboundary since d k+1 o 9* = 0. Hence, (C*(g; .M), d) is a cohomology complex 
and the corresponding cohomology spaces 

H k (g; M) keT{dk ] ° k ^ M ^ -> CW (fl^)} 



Imj^" 1 :C*- 1 (fl;.M)->C*(fl;.M)}' 
are called the Leibniz cohomology groups of g with coefficients in M. (see [ 17|, |18 , 19 ) . 



Note that if (g, { , }) is a Lie algebra and c k is a skew-symmetric M-valued /c-cochain then 
d k c k is a skew-symmetric .M-valued (/c+l)-cochain. Thus, we can consider the subcomplex 
(Cl ie (g; M), d) of (C*(q; M), d) that consists of the skew-symmetric M-valued cochains. 
In fact, the cohomology of this subcomplex is just the cohomology Hl ie (g; M) of the Lie 
algebra g with coefficients in M.. Therefore, we have defined a natural homomorphism 

i k :H k Lie (g;M)^H k (g;M) 

between the cohomology groups H^ ie (g; M) and H k (g;M). 

Examples 2.5 (i) Let M be a different iable manifold and (x(M), [ , ]) the Lie algebra 
of the vector fields on M. Then, the real vector space C°°(M, R) is a x(M)-module with 
the usual multiplication 

X(M) x C°°(M, R) — ► C°°(M, R), (X, f) ^ X(f). 

The fc-cochains in the Leibniz cohomology complex are the fc-linear mappings c k : X(M) x 
..S k ... x X(M) -+ C°°(M,R) and the Leibniz cohomology operator d : C k Leib (M) = 



C fc (x(M);C°°(M,R)) — ► C k L +l(M) = C k+1 (x(M); C°°(M,R)) is defined as the exterior 
differential operator, that is, 

k 

dc k (X ,...,X k ) = Y t {-l) i X i {c! s {Xo,...,X i ,...,X k )) 

i=o _ (2.11) 

+ / , ( — 1)* c{Xo,...,Xi,...,Xj_i,[Xi,Xj],Xj + i,...,Xk), 

0<i<j<k 

for a\lX Q ,...,X k ex(M). 

The resultant co homology H*(x(M); C°°(M, R)) is the Leibniz cohomology of M and it 
is denoted by Hl eib (M) (for a detailed study of this cohomology, we refer to f2"0fl). Note 
that the de Rham cohomology of M, H% R (M), is just the cohomology of the subcomplex 
of the skew-symmetric C°°(M, R)-valued cochains that are C°°(M, IR)-linear. 

(ii) Let (M, A) be a Nambu-Poisson manifold of order n with Nambu-Poisson bracket 
{,...,}. Consider on A n_1 (C 00 (^, R)) the bracket { , }' characterized by the formula: 

ra-l 

{/i A ... A / n _!, ffiA.-.A ^-i}' = X) 5-1 A • • • A {A. • • • > fn-i, 9i} A . . . A g n ^ (2.12) 

for f u . . . , /„_!, Pl , . . . , g n _ x e C°°(M, R). Using Q, we deduce that (A^C^M, R)), 
{ , }') is a Leibniz algebra (see |7], [11], |23l). Moreover, the real vector space C°°(M, R) is 
a A n_1 (C 00 (M,R))-module with the multiplication 

A n_1 (C 00 (M,R)) x C°°(M,R) — ► C°°(M,R) 

characterized by 

(AA...A/ n _ 1 ,/)^X /l ... / „_ 1 (/). (2.13) 

The resultant cohomology 

H*{A n - l {C°°{M, R)); C^M, R)) 
was studied in |7] and |TT[| . 



3 Leibniz algebroids and Nambu-Poisson manifolds 

In this section we will define a generalization of the notion of Lie algebroid (the Leibniz 
algebroid) and we will prove that a Nambu-Poisson manifold has associated a structure 
of this type. 

Definition 3.1 A Leibniz algebroid structure on a differentiable vector bundle n : E — ► M 
is a pair that consists of a Leibniz algebra structure [ , ] on the space T(E) of the global 
cross sections of n : E — ► M and a vector bundle morphism g : E — > TM, called 
the anchor map, such that the induced map g : T(E) — > Y{TM) = x(M) satisfies the 
following relations: 

8 



(i) q[si,s 2 } = [q{si),q{s 2 )\, 
(ii) [si, fa 2 ] = f{si, s 2 ] + g(s 1 )(f)s 2 , 

for all s u s 2 E T(E) and f E C°°(M, E). 

A triple (E, [ , ], g) is called a Leibniz algebroid over M. 

Remark 3.2 (i) If (g, { , }) is a Leibniz algebra then (g, { , }, g = 0) is a Leibniz 
algebroid over a point. 

(ii) Every Lie algebroid over a manifold M is trivially a Leibniz algebroid. In fact, a 
Leibniz algebroid (E, [ , ], g) over M is a Lie algebroid if and only if the Leibniz 
bracket [ , ] on T(E) is skew-symmetric. 

If (M, A) is a Poisson manifold then it is possible to define a Lie algebra structure [ , ] 
on the space of 1-forms Q 1 (M) in such a sense that the triple (T*M, [ , ],#) is a Lie 
algebroid over M, where T*M is the cotangent bundle of M and # : T*M — > TM is the 
homomorphism of vector bundles given by (|2.4j ) (see P, [26fl). 

Next, we will prove that associated to a Nambu-Poisson manifold of order n, with n > 3, 
there is a canonical Leibniz algebroid. 

Let (M, A) be an m-dimensional Nambu-Poisson manifold of order n, n > 3, with Nambu- 
Poisson bracket {,..., }. 

Proposition 3.3 For all a,P E f2 n-1 (M) we have 

[#«, #/?] = #(£ #a /? + (-l)*(z(da)A)/3) 



where # : f2 n X (M) — ► x(M) is i/ie homomorphism defined in ( \2.3j ) and ( \2.4\ ) and £ is 
the Lie derivative operator. 



Proof: Using (|2.3|) and ( p.4|) we have that 



[#«,#/?] = z(/3)(£ #Q A) + z(/: #Q /3)A 
= z(/5)(£ #Q A)H-#(£ #a /5). 



(3.1) 



On the other hand, 

£ #a A = (-l)"(i(da)A)A. (3.2) 

Indeed, if x E M and A(x) = then (£ #Q A)(x) = (-l) n {i(da)A){x)A{x) = 0. 

If x E M and A(x) ^ 0, then (see Theorem |2.2|) there exist local coordinates (x 1 , . . . , x n , 
x" +1 , . . . , x m ) in an open subset U of M, x E U, such that 

A = — -A...A— . (3.3) 

dx 1 dx n v ' 

9 



So, to prove (^2) it suffices of course to check this formula for local (n — l)-forms 



a = 2J a-idxi A . . . <ixj A ... A cte n , 



with q;j G C°°(£/,M). Now, from (|J), (|2j) and Q, one deduces that Q is true for 
this type of (n — l)-forms. 



Finally, using (2j), (O), (O) and (O), the result follows. □ 



The above result suggests us to introduce the following definition. 

Definition 3.4 Let (M, A) be an m- dimensional Nambu-Poisson manifold of order n, 
with 3 < n < m. The bracket of (n — 1) -forms on M is the M>-bilinear operation [ , ] : 
n n -\M) x Q n -\M) — ► Q n ~ 1 (M) given by 

[a, 0[ = C #a (3 + (-l) n (*(da)A)/3, (3.4) 

fora^E^-^M). 

The mapping [ , ] is characterized as follows: 

Theorem 3.5 Let(M,A) be an m-dimensional Nambu-Poisson manifold of order n, with 
3 < n < m. Then exists a unique "K-bilinear operation [ , ] : f2 n-1 (M) x f2 n ~ 1 (M) — > 
fi n-1 (M) such that: 

(1) For all /1, . . . , fn-i, 9i,---, 9n-i G C°°(M, E) ; we have 

n-1 

[dfx A... A dfn-i, dgiA...A dg n -x] = ^ / dg 1 A...A d{fi, . . . , / n _i, &} A ... A d# n -i- (3.5) 

fit; For a// / G C°°(M,E) and a,/? G fi^M), we /*ave 

[a, /fl= /[a, fl + #«(/)£, (3.6) 

[/a,fl=/[a,/3]-z(#a)(#A/3). (3.7) 

T/iis operation is given by f\3.4)- 



Proof: It is easy to prove that the bracket defined in ( |3.4j ) satisfies ( |3.5| ), ( |3.6| ) and 

Now, suppose that [ , ]i : n n ~ x {M) x n n - 1 (Af) — ► ^^(M) is a M-bilinear operation 
which satisfies ( |3.5|) , (|3.6| ) and Q3.7|) . Then [ , ]i must be of the local type, i.e., [a,/3]i(xo) 
will depend on a and f3 around x only, for all xq G M. Indeed, if /3i\u = fii\u for an open 
neighborhood U of xo, and if / is a C°° real- valued function that vanishes outside U, and 

10 



equals 1 on a compact neighborhood V Xo C U, then a = f (3\ = fj3 2 is well defined on M 
and, by (|3.6|) we have 



[a,cr]i(x ) = [a,/3i]i(x ), [a,a]i(x ) = [a,/3 2 ]i(x ), 

i.e., [a,/3i]i(x ) = [a,/5 2 ]i(x ). 

Similarly, if a±\u = ot 2 \u and z/ = fa\ = fa 2 then, from (|3.7|) , we deduce that 

[z/,/3]i(x ) = |ai,/5]i(x ), [z/,/3]i(x ) = {a 2 , (3]i(x ), 

that is, [ai,/9]i(a;o) = [<X2, P\i(z ) . 

Next, we will show that [ , ]i = [ , ]• 

Let x be a point of M and a and /3 (n — l)-forms on M. 

Assume that (x 1 , . . . , x m ) are local coordinates in an open neighborhood U of x and that 



in U we have 



a— Yl ^...i^dx 11 A . . . Adx 1 ™- 1 

l<il<...<i n -l<m 

(3 = Y p h „. jn _ 1 dx> 1 A...Adx in - 1 . 

l<ji<— <j n -i<m 



Using ( |2.5|) , (|3.4j) , ( |3.5|) , (|3.6| ), (p.7|) and the local character of the bracket [ , ]i, we obtain 
that 

[a,/3]i(a;) =X1 [ E (<Xi l ...i n -iPj 1 ...j n ~ 1 dx* 1 A...Adx jh - l A 

k=l,...,n—l 
l<il <...<£„_! <m 

l<ji<...<i„_i<m 

Ad-jV 1 , . . . , x in -\x jk } A dx jk+1 ... A da;-'"- 1 ) 
-fti...j„-i^i...^-i(«ii...«„- 1 )^ 1 A ... A c^- 1 
+^ii»-i»-i d «ii..-<»-i A ***....<„_! (<&>" A • • • A ^" _1 ) 

+« 11 ....„- 1 ^n..,^i(ft 1 ...i„- 1 )^ 1 A ... A d^'"" 1 ]^) 



From the arbitrariness of the point x, it follows that [a,/3]i = [a,/3]. □ 

Now, we will prove that a Nambu-Poisson manifold of order n, with n > 3, has associated 
a Leibniz algebroid. 

Theorem 3.6 Let(M,A) be an m- dimensional Nambu-Poisson manifold of order n, with 
3 < n < m. Then, the triple (A n_1 (T*M), [ , ], #) is a Leibniz algebroid over M , where 
[ , ] : jy-^M) x n n -\M) — > Q n -\M) is the bracket of (n - l)-forms defined by Q ) 
and # : /\ n ~ (T*M) — ► TM is the homomorphism of vector bundles given by (|T 



Proof: We must prove that 

[a,[/?,7]]-[[«,/5], 7 ]-[/9,[«, 7 ]] = 0, (3. 
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for a, 0, 7 eft"- 1 (M). 



From (|3.2|) , (|3.4| ) and Proposition p73| , we obtain that 



(i(d[a, /5])A - #a(i(dP)A) + #P(i(da)A)A = 0. 

Thus, 

z(d[a, /9])A = #a(i(dp)A) - #/3(i(da)A). (3.9) 

On the other hand, using (|3.4j) , we have that 

[a, |/3, 7 1] - [/3, [a, 7 ]] = %a, #/? ]7 + (-l)»(#a(i(d/3)A) - #0(i(da)A)) 7 , 



which implies that (see ( |3.9|) and Proposition 3.3 ) 



[a, [/?, 7 ]] - [/5, [a, 7 ]] = £ # [°,07 + (-l) n (^(rf[a,/3])A) 7 . (3.10) 



Therefore, from Q3.4Q and (j3 . 1 0|) , it follows that (|3.8| ) holds. Hence, we deduce that the 



bracket [ , ] induces a Leibniz algebra structure on Q n 1 {M). 



Using this fact, Q3.6Q and Proposition p73] , we conclude that the triple (A n (T*M) 



I , ] , jf) is a Leibniz algebroid over M. □ 

Remark 3.7 In [TJ| the authors have introduced the notion of Filippov algebroid, as a 



n-ary generalization of Lie algebroids. Indeed, the binary bracket of sections in a Lie 
algebroid is replaced in a Filippov algebroid E — > M by an n-bracket [,..., ] on T(E) 
satisfying the fundamental identity and, the anchor map is a vector bundle morphism 
A n ~ 1 (^E) — > TM compatible with the n-bracket. In [0, ^] an n-bracket of 1-forms 
on a Nambu-Poisson manifold is defined. However, this bracket does not satisfy the 
fundamental identity. 



In general, the bracket defined in (|3.4j ) is not skew-symmetric and consequently the Leibniz 
algebroid (A n_1 (T*M), [ , ], #) is not a Lie algebroid. 

In the following result we characterize when this Leibniz algebroid is a Lie algebroid on 
an oriented manifold. 

Theorem 3.8 Let M be an oriented manifold of dimension m, m > 3. The unique non- 
null Nambu-Poisson structures of order greater than 2 on M such that the Leibniz algebroid 
is a Lie algebroid are those defined by non-null m-vectors. 

Proof: Suppose that A is a non-null m- vector. Then (M, A) is a Nambu-Poisson manifold 
of order m (see Examples [2.1|) . 

Now, if a and f3 are (m — l)-forms on M, we consider the (m — l)-form a on M defined 
by 

*=[a,0l + [p,a]. 
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We must prove that a = 0. 

Since the set 

A = {x G M/A(x) ^ 0} 

is an open subset of M , A induces a Nambu-Poisson structure A^ on A of order m which 
is non-null at every point. Then, as M is oriented, we deduce that A a is defined by a 
volume form on A and the corresponding homomorphism 

# A :W-\A)— >x{A), 

given by ( |2.3| ) and fl2.4| ), is an isomorphism. Using this last fact, Proposition |3.3| and the 
skew-symmetry of the Lie bracket [ , ] of vector fields, we obtain that a = on A. 

On the other hand, it is obvious that a is null on the exterior of A (note that the exterior 
of A is an open subset of M and that A = on such a set). Finally, by continuity we 
conclude that a = on the boundary of A. Thus, a = on M. 

Conversely, suppose that (M, A) is an oriented m-dimensional Nambu-Poisson manifold 
of order n, with 3 < n < m and that {l\ n ~ x (T*M), [ , ], #) is a Lie algebroid. 

Since A is a non-null n-vector, there exists a point of M such that A(x) ^ and there 
exist local coordinates (x , . . . , x n , x n+1 , . . . , x m ) on an open neighborhood U of x such 
that the n-vector Ajj induced by A on U is given by (see Theorem |2.2| ) 

d d 



dx l dx n 

Using the fact that (A n_1 (T*M), [ , ], #) is a Lie algebroid, we deduce that the bracket 
[,]u- tt^iU) x Q n -\U) — ► Q n -\U) defined by A^ (see 0) is skew-symmetric. 

Now, if n < m we can consider the n — 1 forms on [/ given by 

a = fir 1 A ... A rfa;™ -3 A dx n A rfx n+1 , 
/3 = x n ~ 2 dx 1 A ... A dx™" 1 , 

and a direct computation proves that = [a, j3\u ^ — 1/3, a]y. This is a contradiction. 
Hence, n = m. □ 



From Theorem 3.8, we obtain 



Corollary 3.9 Let M be an oriented manifold of dimension m , m > 3, and v be a volume 
form on M. Then the Leibniz algebroid associated with the Nambu-Poisson manifold 
(M, A u ) is a Lie algebroid. 
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4 Cohomology of a Leibniz algebroid and modular 
class of a Nambu-Poisson manifold 



Let (E, [ , ], g) be a Leibniz algebroid over a manifold M. From Definition |3.1| , we deduce 
that C°°(M, R) is a T(i?)-module with the multiplication 

T(E) x C°°(M,R) — ►C roo (M,R) (sj) h> e ( s )(/). (4.1) 

Thus, we can consider the differential complex (C*(T(E); C°°(M, R)), 9) and its cohomol- 
ogy H*(T(E); C°°(M, R)), that is, the cohomology of r(£) with coefficients in C°°(M, R) 
(see Section 2.2). iy*(r(J5); C°°(M, R)) is called i/ie Leibniz algebroid cohomology of E. 
Using (|2.10| ), we have that 



k 
d k c k (s ,...,s k ) = ^(-l)V(s i )(c fc (s ,...,s i ,...,s A; )) 

i=o (4.2) 

+ H (-l)* -1 ^^, ...,Si,...,Sj-_i, [s i ,s i ],s i+1 ,...,sj fe ) 

o<«<j<fc 

for c k G C k (T(E);C°°(M, R)) and s , . . . , s* G r(E). 

Remark 4.1 (i) Let (£, [ , ], g) be a Lie algebroid over M and c fc G C fc (r(E); 
C°°(M, R)). If c fc is skew-symmetric and C°°(M, R)-linear then d k c k is also skew- 
symmetric and C°°(M, R)-linear. 

The Lie algebroid cohomology of 22 is the cohomology of the subcomplex of the 
cochains which are skew-symmetric and C°°(M, R)-linear (see plj). 



(ii) If (£,[ , ],g) is a Leibniz algebroid over M and c fc G C fc (r(£); C°°(M, R)) is 
skew-symmetric (respectively, C°°(M, R)-linear) then, in general, d k c k is not skew- 
symmetric (respectively, C°°(M, R)-linear). 

The following result relates the Leibniz algebroid cohomology of E with the Leibniz co- 
homology of the base manifold M. 

Proposition 4.2 Let (E, [ , ], g) be a Leibniz algebroid over a manifold M. Suppose that 
(C£ ei6 (M) , d) is the Leibniz cohomology complex of the manifold M and denote by 

g k : C k Leib (M) — > C k (r(E);C°°(M,R)) 

the homomorphism defined by 

g k (c k )( Sl , ...,s k ) = c k (g( Sl ), ..., g(s k )) 

for c k G C k eih (M) and Si, . . . , s k G r(2?). Then, the mappings g k induce a homomorphism 
of complexes 

g:(C* Leib (M),d) — (C*(r(E);C°°(M,R)),d). 
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Therefore, we have the corresponding homomorphism in cohomology 

g : H* Leib (M) — > H*(T(E);C°°(M,R)). 

Proof: It follows using ( F3TD , and Definition [D} D 

Remark 4.3 In fact, if (.E, [ , ], q) is a Lie algebroid over M, we can define a homo- 
morphism £ between the de Rham cohomology of M, H2 R {M), and the Leibniz algebroid 
cohomology of E given by 

- Q =~qoi; H* dR (M) — > #U(M) — > IT (T(tf); C°°(M, K)), 

where i : H dR (M) — >■ H^ eib (M) is the homomorphism induced by the natural inclusion. 



Using Proposition 4.2, we have 



Corollary 4.4 Let (M, A) be a Nambu-Poisson manifold of order n, with n > 3, and let 
(f\ n ~ 1 (T*M), I , ],#) fre i/ie Leibniz algebroid associated with M. Suppose that 

# fc : C k Leib (M) —> C k (n n - l (M);C°°(M,R)) 

is the homomorphism defined by 

# fe (c fc )(a!, . . . , a k ) = c fc (#«!, . . . , #a fc ), 

y or c fc ^ C k eib (M) and a±,...,ak £ f2 n_1 (M). Then, the mappings j^ k induce a homo- 
morphism of complexes 

# : (C2 ei6 (M),d) — (C*(^- 1 (M);C 00 (M,E)),5). 

Therefore, we have the corresponding homomorphism in cohomology 

#:H* Leib (M)^H*(n n -\M);C°°(M,R)). 

For the particular case of a Nambu-Poisson structure coming from a volume form, we 
deduce the following result: 

Proposition 4.5 Let M be an oriented manifold of dimension m, with m > 3, and let 
v be a volume form on M . Then the Leibniz cohomology of the algebroid associated with 
(M,A U ) is isomorphic to the Leibniz cohomology of M. 

Proof: Since v is a volume form, the homomorphism 

#:fi m " 1 (M) — >X(M), 

defined by ( |2.3| ) and fl2.4| ), is an isomorphism. 

Using this fact and Corollary [4.4| the result follows. □ 
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Remark 4.6 Note that the Leibniz algebroid (A n " 1 (T*M), [ , ],#) associated with 
(M, A v ) is also a Lie algebroid (see Corollary |3l]) and that the Lie algebroid cohomology 
of A™ -1 (T* M) is isomorphic to the de Rham cohomology of M. 

For a Nambu-Poisson manifold (M, A) of order n, we denote by { , }' the Leibniz bracket 
on A n ' l (C°°(M,R)) characterized by ( [2121) . Then, the real vector space C°°(M,R) is 
a /\ n ~ (C°°(M, R))-module with the multiplication given by (|2.13|) . Thus, we can con- 



sider the corresponding differential complex (C*(A n ~ 1 (C co (M 1 R)); C°°(M, R)), &) and its 
cohomology H*(A n ' l (C°°(M,R)); C°°(M,R)). 

In the next result, we obtain a relation between the Leibniz algebroid cohomology of 
/\ n - l (T*M) and the cohomology H*(A n ~ 1 (C 0O (M,R));C° o (M,R)). 

Proposition 4.7 Let (M, A) be a Nambu-Poisson manifold of order n, with n > 3. Then 
the mapping 

$ : Kr-\C°°(M, R)) — fi n - x (M), £ A . . . A / n _! .- #i A . . . A # n _i (4.3) 

induces a natural homomorphism of complexes 

$ : (C*(n"- 1 (M);C 00 (M,R)),9) — ► (C*(A n_1 (C 00 (M,R)); C°°(Af, R)), 9') 

and therefore we have the corresponding homomorphism in cohomology 

$ : i7*(fi n - 1 (M);C°°(M,R)) — ► iJ*(A"'- 1 (C 00 (M,R)); C°°(M,R)). 

Proof: Consider the mappings 

$ fc : C k {Q n -\M); C°°{M, R)) — ► C fe (A n-1 (C°°(M, R)); C°°(M, R)) 

defined by 

^ k (c k )(F 1 , ...,F„) = c k ^(F 1 ), ..., d>(F fe )), (4.4) 

forF 1 ,...,F fc GA^ 1 (C°°(M,R)). 

From fl2Tp , (|3~5p and flOQ , we get 

$({F„F J }0 = [$(^),$(^)]. 



Using this fact, ( ^5l) , (|2l0| ), (gl3|) , Q and (0), we obtain that the mappings $ 



A' 



induce a homomorphism of complexes. □ 

Next, we will introduce the modular class of an oriented Nambu-Poisson manifold. For 
this purpose, we prove the following result: 
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Theorem 4.8 Let (M, A) be an oriented m- dimensional Nambu-Poisson manifold of or- 
der n, with n > 3, and v be a volume form. Consider the mapping 

M v : C°°(M, R) x . . .t"" 1 . . . x C°°(M, R) — ► C°°(M, R), 

defined by 

L *H-.f n -i V = M »(hi • • • ' fn-i> ( 4 - 5 ) 

/or/ 1 ,...,/ n _ 1 GC 00 (M,R). Then: 

(i) M v is a skew-symmetric (n — 1) -linear mapping and a derivation in each argument 
with respect to the usual product of functions. Thus, M v defines an (n — l)-vector 
on M. 

(ii) The mapping 

Ma : Sl^M) — > C°°{M, R) a^ i{a)M v (4.6) 

defines a 1-cocycle in the Leibniz cohomology complex associated to the Leibniz al- 
gebroid(/\ n -\T*M), [,],#). 

(Hi) The cohomology class [Ma] G £f 1 (n n ~ 1 (M);C°°(M,R)) does not depend on the 
chosen volume form. 



Proof: (z) It follows using Q, (gj), |[5|), (g§ and 
(ii) We will show that for all a e VL n ~ l (M) we have: 

C #a v = [i{a)M u + {-l) n - l {i{da)K)\v. (4.7) 

Indeed, suppose that a = fdfi A ... A df n -i, with f,fi,..., / n _i e C°°(M, R). 
A direct computation proves that 



(4.J 



£ #a ^ = dfAi Xfl _ /n _ 1 v + fM v (fi,...,f n -i)v 

= df A ix h ... Sn _v + (i(a).M,,)iA 

Now, since i^ , (d/ A z/) = 0, we deduce that 

d f Ai x fl ... fn _ 1 v = X fl .. Jn _ 1 (f)v. 

Adding this formula to ( |4.8| ) we obtain that ( [4.7] ) holds for a = fdfi A ... A df n -\. But 
this implies that flOj) holds for all a e fi n_1 ( M )- 



Using ( |3.9| ) , ( |4.7p and Theorem |31| we have that 



i{{a,(3\)M v = C Ma>n v+ (-l)»(z(d[a,/3])A> = #a{i{(3)M v ) - #/3(i(a)A* v ). 
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This proves (ii) (see (|4.2|) ). 

(Hi) Let v' be another volume form on M. Then there exists / G C°°(M, R), / 7^ 
at every point, such that z/ = /V. We can suppose, without the loss of generality, that 
/ > 0. 

A direct computation, using Q4.7|) , shows that for all a G Q n ~ 1 (M) 



i(a)M v i = i{a)M u + #a(lnf) 
which implies that (see Q4.2|) ) 

M u ,=M u + d(lnf). 

D 



Theorem |4.8| allows us to introduce the following definition. 



Definition 4.9 Let (M, A) be an oriented Nambu-Poisson manifold of order n, with n > 
3, and .Ma be the cocycle defined by MA) - The cohomology class 

[Mk] G H 1 {Q n ' 1 {M);C QO {M,R)) 

is called the modular class of (M, A). 



Remark 4.10 Definition |4.9| extends for Nambu-Poisson manifolds of order greater than 
2 the notion of modular class of a Poisson manifold introduced by Weinstein |?jj (see also 

I)- 

For a Nambu-Poisson structure induced by a volume form, we deduce: 

Proposition 4.11 Let M be an oriented m- dimensional manifold and v a volume form 
on M. Then the modular class of (M, A„) is null. 

Proof: Using (EOS), (O) and (ET3), we obtain that 



L x , . ^ = 



l /l-/n-l 

for all /1, ... , / n _i G C°°(M, R). This implies that A4„ = and therefore, A< A , = 0. □ 

Remark 4.12 Suppose that N and L are oriented manifolds and let v be a volume form 
on A. The Nambu-Poisson structure A^ on N induces a Nambu-Poisson structure A on 



the product manifold M = N x L (see Examples |2.1| ) and from Proposition [4.11| , it follows 
that the modular class of (M, A) is null. 
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Using Theorem 2.2 and Remark 4.12, we have the following. 



Corollary 4.13 Let M be an oriented m- dimensional Nambu-Poisson manifold of order 
n, with 3 < n < m. If at a point x G M we have A(x) ^ 0, then there exists an open 
neighborhood U of x in M such that the modular class of (U, Ajj) is null. Here Au denotes 
the Nambu-Poisson structure induced by A on U. 

The above results and the following example show that the vanishing of the modular class 
of a Nambu-Poisson manifold is closely related with its regularity. 

Example 4.14 Consider on R the 3- vector defined by 

n d d d 

A = x A — — A — — A 



dx 1 dx 2 dx 3 



where (x 1 ,^ 2 ,^ 3 ) denote the usual coordinates on 



3 

3 



The 3-vector A defines a Nambu-Poisson structure of order 3 on 
Let v be the volume form given by 

v = dx 1 A dx 2 A dx 3 . 
A direct computation proves that 

Y — T 3 Y - T 3 Y — T 3 



OX 6 ox z ox 1 

and 



£x 12 v = v } £ x x 3 v = C x 2 3 v = 0- 



x 1 - x^- 



9 d 

Thus, Mv = -TT-r A 



dx 1 dx 2 

Now, if the class modular of (M 3 , A) would be null then there exists / G C°°(IR 3 ,IR) such 
that 

i(a)M v = df(a), 
for all a G fi 2 (M 3 ). Taking a = dx 1 A dx 2 , we would deduce that 

df 

l=AW(/)=x 3 ^. 

But this is not possible. Thus [.Ma] 7^ 0. 
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